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COMMUTATIVE PROJECTIVE FLOWS 


GIEDRIUS ALKAUSKAS 


Abstract. Let x = {x, y). For (^(x) = y),v{x, y)) and z s M, we put = z“^(/)(xz). 

A two-dimensional projective flow is a solution to the projective translation equation 
(j)Z+w — (j)^ o (jA ^ z^w € R. For smooth flows this is equivalent to the fact that a vec¬ 
tor field (w, g) is 2-homogeneous. 

Let (j) and V' be two smooth projective flows. In this paper we explore when ^ o -0 is a 
projective flow again, or, equivalently, when both flows commute. 

We classify all commuting pairs {(j), ip) of non-trivial projective flows such that both of 
them have rational vector fields. It appears that if yw — xg ^ 0, this necessarily implies that 
both of them are algebraic flows of level 1. Such commuting algebraic flows are constructed 
explicitly, and two such inequivalent commuting flows is essentially a maximal collection. 


1. Background and results 

We write E(x,?/) • G(x,?/) instead of {F{x, y), G{x, y)), and also x = x»y. By “smooth”, 
we mean of class C°° in in domains where rational functions in consideration are de- 
hned. Since we are mainly interested in rational vector helds, these will produce (possibly, 
ramihed) flows in M^. 


The projective translation equation, or PrTE, a special case of a general translation equa¬ 
tion [1, 10, 11, 12], was hrst introduced in [2] and is the equation of the form 

—^+ w)) = — (p((p{-Kz)—\ w,zeR. (1) 

z+w w \ z) 

(Generally speaking, one can even conhne to the case w = 1 — z without altering the set 
of solutions, though some complications arise concerning ramihcation). In a 2-dimensional 
case, (f>{x,y) = u{x,y) • v{x,y) is a pair of functions in two real (or complex) variables. A 
non-singular solution of this equation is called a projective flow. Let = z~^(p{yiz). The 

non-singularity means that a flow satishes the boundary condition 


hm^'^(x)=x. (2) 

^->■0 


The main object associated with a smooth projective flow is its vector field given by 


^{x,y) • g{x,y) 


d (j){xz, yz) 


dz 




z=0 


( 3 ) 
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Vector field is necessarily a pair of 2-liomogenic functions. For smooth functions, the func¬ 
tional equation (1) implies the PDF [3] 

Ux{x, y){zu{x, y)- x) + Uy{x, y){g{x, y) - y) = -u{x, y), (4) 

and the same PDF for v, with boundary conditions as given by (2); that is, 

u{xz,yz) v{xz,yz) 

hm - = X, hm - = y. 15) 

^^■0 Z 2^0 Z 

These two PDFs (4) with the above boundary conditions are equivalent to (1) for z, w small 
enough [3]. 


Fach point under a flow possesses the orbit, which is dehned by 

nx) = u r(x) = ^. 

2eK 

The orbits of the flow with the vector held w • q are given by W (x, y) = const., where 
the function W can be found from the differential equation 

W{x,y)Q{x,y) -h Wx{x,y)[yzu{x,y) - xg{x,y)] = 0, (6) 

and W is uniquely dehned from this ODF and the condition that it is a 1-homogeneous 
function. 


Now, recall the next two dehnitions from [6]: 

Definition. If there exists a positive integer N such that W^{x,y) is a rational function, 
necessarily N-homogeneous, such a smallest positive N is called the level of the how, and 
the flow itself is called an abelian how of level N. 

The exception is when xg — yw = 0, then a how is called level 0 flow. For rational vector 
helds, such a how is rational, too. 

Definition. We call the flow f an algebraic projective how, if its vector field is rational, 
and u» V is a pair of algebraic functions. 

Algebraic how is necessarily an abelian how of a certain level N. 

The theory of projective hows with rational vector helds is developed in [3, 4, 5, 6]. In 
particular, the last paper contains a diagram which classihes hows with rational vector helds 
arithmetically - rational, algebraic, unramihed, abelian, and integral hows. 

In this work we are interested in all projective hows with rational vector helds which 
commute. It appears that, apart from level 0 hows, this is satished only for special pairs of 
algebraic hows. As a very simple consequence of the main diherential system, we have the 
following result. 

Proposition 1. Assume two flows 0(x) x •y and f’l'x.) x»y with rational vector fields 
w • g and a • f, respectively, commute. Assume that yw — xg = Q. Then ya — xfl = 0. 
Thus, they are both level 0 rational flows [3] . 
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Conversely, assume J{x,y) and K{x,y) are arbitrary 1-homogeneous rational functions, 
and let us define level 0 flows 

X y ; / \ ^ y 


y) j/ \ ji \) 

l-J[x,y) 1-J[x,y) 
Then and commute, and 

(j)o'i/j{x,y) = 


fi{x,y) = 


X 


1-K{x,y) 1-K{x,y) 

y 


1- J{x,y) - K{x,y) 1 - J{x,y) - K{x,y)' 

Next we formulate our main result of this paper. 

Theorem. Suppose, two projective flows ^(x) x*y and '^(x) ^ x»y with rational vector 
fields zu • g and a • fi commute. Suppose yw — xg ^ 0. Then cj) and if are level 1 algebraic 
flows. 


Conversely - for any algebraic flow of level 1, there exists another algebraic flow if of 
level 1, such that all flows, which commutes with cf, are given by (f^ o if^, 2 ;, rr g M. 


Practically commuting projective flows can be constructed as follows. 

Let y{x,y) cy be a 1-homogeneous rational function. Let us define algebraic functions 
a{x,y) and u{x,y) from the eguations 

V y + lJ 

^ix,y) 

l-y(x.y) = 

Then the projective flows if = a • and (f = u • y commute. If a{x, y) is rational, so 
is u{x,y), and the other way round. Any pair of commutative, level 1 algebraic projective 
flows can be obtain from these pairs via conjugation with 1-homogeneous birational plane 
transformation. 


by 


Finally, the orbits of the projective flow = (f^oif'^ = u^[a^[x,y), are given 


y{x,y)y 


= const. 


zY{x, y) + wy 

To be clear which branch of algebraic function is chosen, we note that the equalities (7) 
and (8) imply 


y 


a{xz,yz) y 


yz + 1 


= y{x,y), 


y{x,y) 

1 - zy{x,y) 


i'u(xz,yz) 

= y{ ^ \ y 


So, we must choose such branches that are compatible with boundary conditions (5); that 


is, lim 


2->-0 


u{xz^yz) 


T aixz.yz) 

= X, lim^^o ; = X. 


One of the consequences that the flows a • and u»y commute is the identity among 
algebraic functions 


n(a, ) = a{u,y). 
\ y + ll 
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This can be verified easily: 



y + lJ 


( 8 ) 


(7) n^,y) ( 8 ) 

i-r(a,^) i-y{x,y) 



y + lJ 


The correct choice of branches implies the needed identity. 


We will need the following result [3, 4], Birational 1-homogeneous maps (1-BlR for short) 
i-A were described in [3]. They are either non-degenerate linear maps, either birational 
maps of the form ip^Q, given by 


^p,Q{x,y) 


xP{x,y) ^ yP{x,y) 
Q{x,y) Q{x,y) ’ 


(9) 


where P, Q are homogeneous polynomials of the same degree, or are a composition of a lin¬ 
ear map and some ip^g. By a direct calculation, £p^q{x,y) = £Q^p{x,y). If (/) is a projective 
flow with rational vector field, and £ is a 1-BlR, then £~^ o(j)o£ is also a projective flow with 
rational vector field. 


The following result describes transformation of the vector field under conjugation with 

£p,Q- 

Proposition 2. Consider ip^q given by (9), and let A{x,y) = P{x,y)Q~^{x,y), which is a 
0-homogeneous function. Suppose that n(0, x) = zu'{x,y) • g'{x,y). Then 

^(^p,Q ° 0 ° x) = 
w'{x,y) • g'{x,y) = 

A{x,y)w{x,y) - Ay[xg{x,y) - yw{x,y)] • (10) 

A{x, y)g{x, y) + A^[xg{x, y) - yw{x, y)]. 

As a corollary, 

xg'{x,y) - yw\x,y) = A{x,y)[xg{x,y) - yw{x,y)]. 


Our main ideas how to prove the Theorem are very transparent and can be described as 
follows. 

First, we write a condition that vector fields of flows cp = u • v and ip = a»b commute. 
This is tantamount to the property that Lie bracket vanish. After some transformations we 
arrive at the linear system of two ODEs. A trivial case aside, calculation of its Wronskian 
shows that both flows are in fact abelian flows (flows whose orbits are algebraic curves) of 
level 1 - there are two homogeneous rational functions W and "P of homogenity degree 1 , 
such that W{u,v) = W{x,y), 'P{a,b) = 'P{x,y). But this, at its turn, implies, that with 
a help of conjugation with proper 1-BlR, the second coordinate of the vector field of the 
flow (j) can be made identically zero - this is possible only for level 1 abelian flows. Now, 
the differential system implies that the second coordinate of the vector field of the flow ip 
is equal to cy^, and since these two vector fields must be non-proportional, it gives c 7 ^ 0 ; 
for example, c = —1. But then the second variable split, and we have b = So, without 
loss of generality, we can consider p = u • 0 and ip = a • Since ^^) = Y{x,y), 
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this shows that a is an algebraic function, and from symmetry considerations we get that u 
is algebraic function, too - if a projective flow is 1-BIR conjugate to algebraic flow, a flow 
itself is algebraic. 

To hnd when a vector held vu • g produces algebraic how of level 1, we need the following 
criterion, which follows from results in [4], 

Proposition 3. Let w • g is a pair or 2-homogeneous rational functions, xg — yw ^ 0. 
Let g{x) = g{x, 1), w{x) = w{x, 1). A projective flow with a vector field w • g is a level 1 
algebraic flow if and only if all the solutions of the ODE 

f{x)g{x) + f{x){xg{x) — zu{x)) = 1 

are rational functions. 

On the other hand, a how (f is algebraic hows of level N if and only if any solution of the 
same diherential equation can be written in the form f{x) = r{x) + acfl^^{x), where cr G M, 
r{x) and q{x) are rational functions, and positive N is the smallest possible [4]. 

2. The proof 

We will need the following statement, whose proof is immediate. 

Proposition 4. Let cf) and '0 he two projective commuting flows, and £ be a 1-BIR. Then 
the flows l~^ o (jo £ and £~^ oip o £ commute too. 

To hnd when two projective hows commute, we apply standard results from diherential 
geometry claiming that if vector helds are smooth, this happens exactly when the Lie bracket 
of both vector helds vanishes [10, 11]. In the particular case of projective hows, we have the 
following result. 

Proposition 5. Let 0(x) = u»v and "^(x) = a*b he two projective flows with smooth vector 
fields w • g and a • fl, respectively. The flows (j and tj commute if and only if (j o ip is a 
projective flow again. This happens exactly when 

j zUxOi T rUyfl = zucxx T goty, 

\ gxa + gyfl = wflx + ofly 


Proof. So, suppose hows (p and ip with smooth vector helds commute. All we are left is to 
calculate the Lie bracket [w • g,a • jd] of these two vector helds, and equate it to zero. 


Here we use the standard notation in diherential geometry, where the vector held is 
interpreted as derivation of smooth functions [10, 11]. Let 


A 




A 

dxfl 




d 



be two vector helds in an open domain of R"'. Then for the Lie bracket of these two vector 
helds, one has ([10], Section 2) 


i=l * 
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For n = 2 and X = Y = + /3-^, the condition [X, y] = 0 gives the statement 

of the Proposition. □ 

Let (f), be two commuting projective flows. Since a, /9, zu, g are 2—homogenic, Euler’s 
identity gives xa^ + yoty = 2a, similarly for (5, w, g, and so the corresponding system of 
Proposition 5 can be written as 

f a:^{yw - xg) = {yw^c - 2g)a+ {2w - xuj^)I3, 

\ f3x{y^ - xg) = ygxOi- xg,,l3. 

Suppose, {zu, g) are known, and (a, /5) are unknowns. Note that the hrst equation can be 
written also as 

ay{yw — xg) = zjyiya — x(5). (12) 

First, suppose yw—xg = 0. Then the second equation of the system ( 11 ) gives gx{ya—x(3) = 
0. Assume that ya — xf3 ^ 0. Then Px = 0, p = cy^. Equally, (12) gives zd = dx^, and 
yzn — xp = 0 is satished only if c = d = 0, hence we have an identity flow (/>(x) = x • y. If 
this is not the case, we must necessarily have ya — x/3 = 0, and this proves Proposition 1. 
Henceforth we assume yzu — xg 0, ya — x(3 ^ 0. 


One solution of the system (11) is {zu, g). The trace of this linear system of ODEs is equal 
to 

T{x, y) = -=-h — ln(xp - yw). 

xg — yzu xg — yzu dx 

It is a (—1)—homogenic function. Using the differential equation ( 6 ), we obtain that the 
Wronskian of the above system is equal to, according to Liouville’s formula, 

ag — jdzu = exp ^ j T{x, y) dx^ = W (x, y) ■ {xg — yzu). (13) 

In fact, while integrating, we keep in mind that x is variable, y is constant, only we make 
sure that the obtained functions have the same degree of homogenity: indeed, the left hand 
side is 4-homogeneous, (xg—yzu) is 3-homogeneous, and W{x,y) is 1-homogeneous. So, (13) 
holds to up a 0-homogeneous function in p; hence, a constant. Of course, if W (x, y) = const, 
are equations for the flow 0 , so are cW (x, y) = const, for c 7 ^ 0 . 


From symmetry considerations, if Y (x, y) are orbits for the projective flow with a vector 
held a* j3, we get 

I3zu — ag = y (x, y) ■ (x/3 — ya). (14) 

This, together with (13), gives the hrst crucial corollary: 

-k If two projective flows with rational vector fields commute, xg — yzu 7 ^ 0, xfl — ya 7 ^ 0, 
they are both abelian hows of level 1 . 

From (13), expressing a and substituting into the second equation of (11), we obtain: 

Pxiy^ - xg) = ygx -h ppx-^ - xgxp. 

g g 
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Or, simplifying, we obtain a non-homogeneous first order linear ODE for the function /3: 

PxQ = QxI 3 - VQx^■ 


If p 7 ^ 0, solving this linear ODE, we obtain a solution 


(3 = -Q 


VQx^ 


dx. 


(15) 


(The constant of integration is a 0 homogeneous function in y\ hence, a constant). We will 
not need this formula in the proof of the main Theorem, but it has an advantage that if a 
vector held ui • g is known, so we known equation for the orbits W, thus the above allows 
to hnd uniquely (3, up to a summand proportional to g. This also shows that if p 7 ^ 0, there 
exists one vector held a • /3 such that all vector helds that commute with w • g are given 
by z{w • p) + w{a • {3). The same conclusion follows if ro 7 ^ 0. Of course, zu • g = 0 *0 only 
for the identity how x • y. 


Now we will make one signihcant simplihcation, minding that the hows are abelian hows 
of level 1. Let us dehne 


A{x,y) 


y 

W{x,yy 


This is a 0-homogeneous function. We know that W satishes ( 6 ). Now, consider a 1-BIR 
given by i{x,y) = xA • yA. Let us use Proposition 2. This shows that a second coordinate 
of the how £~^ o (f) o i with rational vector held is identically equal to 0. Here we used 
essentially the fact that the orbits are given by 1 -homogeneous rational functions. 


Thus, let now consider two commuting hows o(poi and £~^ o?/;o£. If we are interested 
in these hows up to 1-BIR conjugacy, we can, without loss of generality, consider p = 0, 
'Cjy0,u»v = u»0. 


In this case, the system of Proposition 5 gives: 


zUxOi -p zUyf3 — zucy.x, 

/?x = 0. 


If /5 = 0, this gives a = Cw, and we know that the how commutes with itself. So let, without 
the loss of generality, take (3 = —So, a • b = a • But then the how conservation 
property gives (7); that is. 



y 

y + 1 


) =y{x,y). 


(See also [3]). Therefore, a is an algebraic function, and a »6 is an algebraic how. Yet again 
from symmetry considerations, u • v is also an algebraic how. Indeed, 1-BIR conjugation 
does does impact on property the how to be algebraic. Hence we proved the hrst part of 
the main Theorem. 


We will prove the second part and at the same show how to practically produce commuting 
algebraic hows. As we know [3], any algebraic how is 1-BIR conjugate to the how a{x, 
for a algebraic. Now, let Y{x, y) 7 ^ cy be any 1-homogeneous rational function. Let us dehne 
a{x,y) by the equation (7). Then, if we choose the correct branch (as explained after the 
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Theorem), a{x,y) • 
and so is given by 

a* 13 = 


y 

y+l 


is 



a projective flow. Its vector fleld a* (3 satisfles + 'f'yl3 


2n y'^ - 

-y) = - 


% 


2 , yy 

-y) = ^-xy 


= 0 , 

(16) 


Let now a non-proportional vector fleld w • g commntes with a • (3. Similarly as (15), we 
can prove 


Pqx = Qf3x - y^x^- 

This follows easily in the same way (express a from (14) and plug into the second equation 
of (11)), or just due to symmetry considerations. Now, (3 = —and this gives Qx = 0. 
This implies g = cy^. Next, the vector fleld ui • g + c{a • (3) also commutes with a • /3, so 
we may assume, without the loss of generality, p = 0. 


Now, we can find zu from (14) and (16): 


w = 


y {x(3 — ya) + ag 




X = 


^2 


(17) 


This gives a practical way to produce algebraic projective flows that commute. Moreover, we 
can finish integrating the vector fleld w gin explicit terms, since we have at our disposition 
the method to integrate any vector fleld vj • 0. Its integral is a flow u{x, y) • y, where u is 
found from the equation ([3], p. 307) 


dt 


zu{l, t) 


= y- 


’-L{x,y) 


In the integral, let us make a change t ^ Since zu is 2-homogeneous, this gives 


u{x,y) 

y 


dt 


1 ) 


= y- 


Now, let us use (17). This gives 

f dt f yx{t, 1) dt 


zu{t, 1) 


So, 


r2(t,i) r(t,i)- 


= y- 


Since y is 1-homogeneous, this Anally gives the equation for u, as given by (8); that is, 

y{x,y) 


l-y{x,y) 


= y{u,y). 
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Thus, this gives the explicit formulas in the Theorem. Also, we can double check that a 
vector held is the correct one. Indeed, the last equation can be rewritten as, after plugging 
(x, y) HA {xz, yz) and dividing by z, 


y{x,y) 

1 - zr{x,y) 


y 


u{xz, yz) 




Now differentiation with respect to 2 ; and afterwards substitution z = 0 gives, minding 
the formula (3), the correct value for the hrst coordinate of the vector held, given by (17). 


Finally, a vector held of the how (f)^ o is equal to 


zcoj 


q) 


w[a 


zy"^ wyy 

^) = -z^ + 


y. 


y. 


wxy 


-wy ) = w 


Let W be the equation for the orbits of this how. We are left to solve 
vector held w •g. In this case, it reads 


Q. 

the ODE (6) for a 


_ wyy^ _ y^ y, 
'iP" zy^ + wyy y y + ^ 

Thus, 


zy + wy 

While integrating, we keep in mind that W is 1-homogeneous function in {x,y), so inte¬ 
gration constant is chosen to be Iny. For {z,w) = (1,0) we recover orbits of the how (p 
{y = const.), and for {z,w) = (0,1) we get orbits of the how xp {y{x,y) = const). This 
hnishes the proof of the Theorem. 


3. Examples 

3.1. Monomials. Let in the setting of second half of the Theorem, 

y{x,y) = x^+^y-^, neZ. 

This gives 

y 


"(/^(x) = x{y -|- 1) "+i 


(/>(x) = 


X 


y- 


y + l ' ' (1 — x^+^y"-) "+i 

We can check by hand that these two are indeed hows; that is, satisfy (1), and do commute. 


3.2. Superfiow. The how 

0(x) = X + (x — y)^ •y + {x — yp 

is rational, hence algebraic, and its orbits are curves x — y = const. We give this particular 
example because this how has many fascinating properties, related to hnite linear groups, 
inhnite linear groups and their Lie algebras. This how is the simplest example of a reducible 
2-dimensional superhow [7, 8, 9]. Since orbits are 1-homogeneous functions, we can apply 
the main Theorem. Thus, \etwg= {x — y)^ • {x — y)"^, and W = x — y. Formula (15) gives 
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{3 = 2xy — y'^, and formula (13) gives a = — y"^. This vector field can be easily integrated 

using methods from [3, 4], and the flow we obtain is given by 

x-{x-yf y 

= (.-y-ir • (X 

By a direct calculation, these two flows indeed commute, since 
iw N X^{z-w){x-yf y + z{x-yf 

^ o0(x) = ^- = ^ W- 

[wx — wy — 1)^ [wx — wy — ly 


3.3. A quadratic example. Let w • q = 2x^ — 3xy • xy — 2y‘^. This vector held satishes 
the condition of Proposition 1. In fact, in [6] we classihed all pairs of quadratic forms which 
produce algebraic hows (see also remarks in [4]), and this particular case corresponds to a 
pair (n, Q) = (1, —|), and since the numerator of Q is 1, this is a how of level 1. Thus, we 
have 

W{x,y) = x~'^{x — y)y‘^, a • (3 = —• —. 

The system of Proposition 5 is satished. The method to integrate vector helds with both 
coordinates proportional is developed in ([3], Subsection 4.2). The integral of the vector 
held a • /3 is the how 


a* b = 


xy - y^ 


{x — y) \/ x^ — 2xy‘^ + 2y^ 

— 2xy‘^ + 2y'^ — y y/x^ — 2xy‘^ + 2y^ — y 


y{x,y) =x- y. 


Again we double-check that initial conditions (2) and PDEs (4) are satished. To hnd u, v 
we use algebraic identities of Theorem in [4]. This gives 


{u — v)v^ (x — y)y‘^ 


Some handwork gives the solution 

x?/y/l — 2x + 2y + x^ 


1 

V V 


u 

~2 


X 


y y 


+ 2. 


u» V = 


y^yi — 2x + 2y + xy 


{x + y + 2yy{l — 2x + 2y) [x + y + 2yyyi — 2x + 2y' 


Once again, we double check that the PDEs (4) and initial conditions (2) are satished. It is 
not that straightforward to check that indeed, these two hows do commute! As mentioned 
in the introduction, MAPLE conhrms this. For the convenience of the reviewer and the 
reader, MAPLE code to check these facts is contained in [14]. This gives Proposition 6. As 
a particular example, we prove the following 


Proposition 6. The flow 

xy^l — 2x-\-2y + x^ 


0(x) = 


y‘^yi — 2x + 2y + xy 


{x + y+ 2y‘^){l - 2x + 2y) {x + y + 2y‘^)y/l - 2x + 2y' 
with the vector field (2x^ — 3xy) • {xy — 2y‘^) and orbits u~^{u — v)v‘^ = const., and the flow 


y{x) = 


xy-y 


(x — y) y/x^ — 2xy'^ + 2y^ 
y/x^ — 2xy‘^ + 2y^ — y y/x^ — 2xy‘^ + 2y^ — y ’ 
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3 3 

with the vector field ^ ^ and orbits u — v = const., commute. All projective flows which 

commute with 0 are given by 0^ o , z,w E C. The orbits of the flow U •V = (j)^ o are 
given by 

{U-V)V^ (x-y)y^ 

zU^ - wV^ zx^ - wy^ ■ 


The statement that the orbits are, for example, u~^{u — v)v'^ = const., is a slight abuse 
of notation which means the following. Let u{xz., yz)z~^ = u^, v{xz, yz)z~^ = v^. What we 
mean is that 

and is independent of 2 :. The flow 0 is locally well-dehned - if (x, y) is replaced with (zx, zy), 
where 2 is sufficiently small, we take the branch of the square root which is equal to 1 at 
2 ; = 0. For the flow 0 we assume 

- 2xy^ + 2?/3 = xa/i-^T^, 

V X x^ 

and similar convention holds for (x, y) 1 —)■ {zx, zy). 

3.4. A cubic example. Consider the vector held + a;y»a;y + 2y^. Yet again, this vector 
held satishes the conditions of Proposition 1, so it produces algebraic how of level 1. Indeed, 
in the setting of ([6], Theorem 3), (n, Q) = (1, |). Moreover, this vector held is symmetric 
with respect to conjugation with a 1-BIR involution i{x,y) = {y,x), and so is the how. 


Let A = Then formulas in Proposition 2 give a vector held 


6x^ 


Axy'^ — y^ — 9x‘^y 


6x 


V)- 


The orbits of this how are given by 


^ [x, y) = —/ -^ = const. 

(a: - yfl 


So, for Y is given, we are now in the position of second part of the Theorem, and can 
give the hnal answer in terms of Cardano formulas. Returning back to the vector held 
2a;^ -T xy • xy ^ 2y^ gives the following result. 


Proposition 7. The flow 0(a:, y) = u{x, y) • v{x, y), where 

- V) 


u{x,y) = 


2x^ 


^x-3y + Qy'^ ■ {y - 3x + 6x^) y-3x + 6x^' 

and v{x, y) = u{y, x), with the vector field 2x^ + xy • xy + 2y‘^, and orbits u^{u — v)~^v‘^ = 
const., and the flow 0(x) = a»b, where the third degree algebraic functions a,b are found 
from 


{9ax — 8x^ — 3ay)x^y‘^ 
a{ay — 3ax + 3x‘^y 


= X — 3y — 6y‘^, b = 


a^{y — 3x) 


x^ 


T 3g, 
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(we choose the branch of the function “a” which satisfies the boundary condition) with the 
vector field a»j3 = — orbits = const., commute. All projective flows 

which commute with (f) are given by ^ z,w The orbits of the flow U •¥ = 

are given by 


z{V - Ufl + wVfl3U - V) 


x^y'^ 


z{y — xfl + wy‘^{3x 


= const. 

y) 


The MAPLE code which again checks the last Proposition can be found at [15]. As 
mentioned, v{x, y) = u{y, x). MAPLE formally verihes that the PDE (4) is satished without 
even specifying which of the branches of radicals we are using. Also the flow conservation 
property is satished. However, it is known that if a third degree polynomial has three distinct 
real roots, then Cardano formulas must involve complex numbers ([13], chapter on Galois 
theory). So, the choice of the branch and thus making sure that the boundary conditions 
(2) are satished are not so explicit if one uses this expression. Numerical computations show 
that for a: — 3i/ > 0, 1 / — 3x > 0, the boundary conditions are satished if we use positive 
value for the square root and real values for cubic roots, due to an algebraic identity: 


lim 

z^O 


u{xz, yz) 
z 



^x — 3y ■ {y — 3x) y — 3x 


Of course, such identities should not come as surprise: they arise all the time when a cubic 
polynomial has a root we know in advance - for example, write Cardano formulas for a 
polynomial (x — l)(x^ + px + q). 


The algebraic function a(x, y) satisifes the third degree equation 

F(a, X, y) := (9ax — 8x^ — 3ay)x^y‘^ + {3y + Qy^ — x)a{ay — 3ax + 3x^)^ = 0, (18) 


and the function b is given by 


b 


afiy — 3x) 


T 3ci5 


the latter follows from the how conservation property. The polynomial F{a,x,y) is irre¬ 
ducible over C[a, x, y]. To double-check that the integral of the vector held a* (3 is a •b, we 
will now verify the boundary condition (2) and the PDE (4). Let a^{x,y) = Then 

putting {x,y) i-A {xz,yz) in (18), we obtain: 

(9a^x — 8x^ — 3a^y)x^y‘^ = {x — 3y — Qy‘^z)a^{a^y — 3a^x + 3x^)^. 


Since for z = 0, = x satishes the above, we choose the branch for such that for z = 0, 

= X. We are left to verify the PDE for a: 


aflx, y){a{x, y) - x) + ay{x, y)i/3{x, y) - y) = -a. 
From (18), we have 

F F 

_ X _ y 

<^x = — ~ 

^ a ^ n. 
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So, the following as if must hold: 


Fx{a,x,y) 

Faia,x,y) 


{a{x,y) - x) 


Fyia,x,y) 

Faia,x,y) 


{/3{x,y)-y) +a = 0. 


However, calculations with MAPLE show that the left hand side of the above, which is a 
rational function in three variables, is not identicaly zero - it is quite a lengthy expression 
that involves the powers of a up to a^. Nevertheless, a is algebraically dependent on x,y, 
and the numerator can be reduced. And indeed, MAPLE conhrms that 


--^(a -x) - -^{(3 - I/) + a = 0 mod F{a,x,y). 

Note that we have already encountered an analogous phenomenon in [5] while dealing with 
elliptic flows. So, this implicitly verihes the PDE (4). 


One last remark. The vector held wq = 2x‘^+ xyxy + 2y‘^ is invariant under conjugation 

„3 




with a linear involution io{x, y) = (?/, x). This shows that if a vector held a» f3 = 

commutes with a. uj • g, so does a vector held io o [a • P) o io{x, y). However, this 
vector held is not equal to a» (3. There is no contradiction to uniqueness property, since we 
know that there must exist c, d G M such that 

xy^ 3xy^ — 2y^\ fSx^y — 2x^ 


c(2x^ + xy • xy + 2y^) + d 


(X 


yf 


[X 


yf 


x^y 


[x 


yf 


[X 


yf 


This indeed holds for c = d = — 1. 


4. Higher dimensions 

The problem of describing various aspects of projective hows in dimension n > 3, starting 
from continuous (not necessarily smooth) hows on a single point compactihcation of M”, 
symmetry, superhows, quasi-hows, rational hows, hows over hnite helds, abelian, algebraic 
and integral hows, are all open. See [5, 6] for a list of 10 problems. This list is continued in 
[4, 7, 8, 9]. In relation to the topic of the current paper, we pose yet another one. 

Based on results in dimension 2, we can construct families of n pairwise commuting 
projective hows with rational vector helds. Indeed, we will illustrate this in dimension 3, 
and the same construction - direct sum of hows - works in any dimension. Let (f) = u*v and 
i/j = a • b he 2-dimensional commuting algebraic hows. Then let us dehne the set of hows 

y, z) = u(x, y) • v{x, y) • 2 , 

'il){x,y,z) = a{x,y) •bix^y) • z, (19) 

^{x,y,z) = x»y-^. 

(Here 2 :, of course, is no longer a “time” parameter. The use of the same notation “0” 
and “0” for 2-dimensional hows and their 3-dimensional extensions should not cause a 
confusion). These three are algebraic pairwise commuting hows. In particular, as the most 
basic example, let us consider 

( (t){x,y,z) = my z, 

< 'ip{x,y,z) = x»j^»z, 

[ ^{x,y,z) =x»yj^. 
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A very simple argument shows that this is a maximal collection - any flow which commutes 
with all three is necessarily of the form 

r]{x, y, z) = -• —-— •-= (^ o o p, g, r G M are fixed. 

1 — px 1 — qy 1 — rz 

Indeed, suppose a smooth flow p = n(x, y, z) • v(x, y, z) • t(x, y, z) commutes with 0, ijj, and 
Then p commutes with for any r G M - vanishing of Lie brackets is a homogeneous 
condition on vector fields. Writing down, this means that 

u(x,y, —^—) =u(x,y,z), for any r. 

V 1 — rz/ 

So, u is independent of z. Equally, u is independent of y, and so u{x, y, z) = for a 
certain p E R. The same reasoning works for the functions v and t. A bit more generally, 
similar argument shows that (19) is a maximal collection. Indeed, for any 3-dimensional 
projective flow p which commutes with the first two coordinates of p must be independent 
of 2 ;, and therefore the first two coordinates of the vector held of p, based on the results of 
the current paper, are a linear combination of vector fields of 2-dimensional flows u*v and 
a»b. 

Another family of flows was given in [2] in relation to continuous flows on a single point 
compactification of R”. With commutativity in mind, we now shed a new light on this 
particular example. Indeed, let Q(x) be an arbitrary non-zero quadratic form in n variables 
with real coefficients, and let B(x, y) = Q(x + y) — Q(x) — Q(y) be the associated bilinear 
form. Then we know that for any a G R”, the n-dimensional rational function 

, . , _ aQ(x) + X _ 

^ (5(x) • (5(a) -L B(x, a) -h 1 

(numerator is a vector, denominator is a scalar) is a projective flow with a vector held 
aQ(x) —xB(x,a) [2]. Moreover ([2], Proposition 2), 

0a,Q ° 0b,Q(x) = 0a+b,Q(x). 

So, for Q fixed and a varying, these flows mutually commute, and their composition pro¬ 
duces a new projective flow, in correspondence with the results of the current paper. Since 
all possible vectors a form a vector space of dimension n, there are exactly n linearly inde¬ 
pendent vector fields in this family. With all these examples in mind, we therefore pose the 
following: 

Problem 11. Let n > 3 be an integer. Describe maximal sets of pairwise commuting 
smooth projective flows with rational vector fields in dimension n. Is it true that this set 
is generated by n linearly independent vector fields, and all flows in this set are given by 
algebraic functions? 
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